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FC-GROUPS WITH FINITELY MANY
AUTOMORPHISM ORBITS
RAIMUNDO A. BASTOS AND ALEX C. DANTAS
Abstract. Let G be a group. The orbits of the natural action of
Aut(G) on G are called “automorphism orbits” of G, and the num-
ber of automorphism orbits of G is denoted by ω(G). In this paper
we prove that if G is an FC-group with finitely many automor-
phism orbits, then the derived subgroup G′ is finite and G admits
a decomposition G = Tor(G)×D, where Tor(G) is the torsion sub-
group of G and D is a divisible characteristic subgroup of Z(G).
We also show that if G is an infinite FC-group with ω(G) 6 8, then
either G is soluble or G ∼= A5×H , where H is an infinite abelian
group with ω(H) = 2. Moreover, we describe the structure of the
infinite non-soluble FC-groups with at most eleven automorphism
orbits.
1. Introduction
An element g of a group G is called an FC-element if it has a finite
number of conjugates in G, that is, if the index [G : CG(g)] is finite,
where CG(g) = {h ∈ G | g
h = g}. The set Zˆ(G) of all FC-elements
of G is a characteristic subgroup (see [Rob96, 14.5.5]). If each element
of G is an FC-element, then G is called an FC-group. In particular,
G = Zˆ(G). If there exists a positive integer d such that [G : CG(g)] ≤ d
for all g ∈ G, then the group G is called a BFC-group, that is, there is
a common bound for the size of conjugacy classes in G. The class of
FC-groups contains all abelian and all finite groups.
LetG be a group. The orbits of the natural action of Aut(G) onG are
called “automorphism orbits” of G, and the number of automorphism
orbits of G is denoted by ω(G). It is interesting to ask what can we
say about “G” only knowing ω(G). It is obvious that ω(G) = 1 if and
only if G = {1}, and it is well known that if G is a finite group then
ω(G) = 2 if and only if G is elementary abelian. In [LM86], Laffey and
MacHale proved that if G is a finite non-soluble group with ω(G) 6 4,
then G is isomorphic to PSL(2,F4). Stroppel in [Str02] has shown that
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the only finite non-abelian simple groups G with ω(G) ≤ 5 are the
groups PSL(2,Fq) with q ∈ {4, 7, 8, 9}. In [BD16, BDG17], the authors
prove that if G is a finite non-soluble group with ω(G) ≤ 6, then G
is isomorphic to one of PSL(2,Fq) with q ∈ {4, 7, 8, 9}, PSL(3,F4) or
ASL(2,F4) (answering a question of Stroppel, cf. [Str02, Problem 2.5]).
Here ASL(2,F4) is the affine group SL(2,F4)⋉F
2
4 where SL(2,F4) acts
naturally on F24. For more details concerning automorphism orbits of
finite groups see [Koh02, Koh04, Str99a, Zha92].
Some aspects of automorphism orbits are also investigated for infi-
nite groups. In [MS97], Ma¨urer and Stroppel classified the groups with
a nontrivial characteristic subgroup and with three orbits by automor-
phisms (see Section 5, below). Schwachho¨fer and Stroppel in [SS99],
have shown that if G is an abelian group with finitely many automor-
phism orbits, then G = Tor(G)⊕D, where D is a characteristic torsion
free divisible subgroup of G and Tor(G) is the set of all torsion elements
in G. Stroppel also investigated properties of topological groups with
finitely many automorphism orbits (see [Str02] for more details).
In the present article we consider infinite FC-groups with finitely
many automorphism orbits. Our results can be viewed as extensions
of the above results.
Theorem A. Let G be an infinite FC-group with finitely many auto-
morphism orbits. Then the derived subgroup G′ is finite. Moreover, G
admits a decomposition Tor(G)×D, where D is a divisible character-
istic subgroup of Z(G).
In general, infinite groups with small number of automorphism or-
bits need not be soluble. For instance, Higman, Neumann and Neu-
mann have constructed a torsion free non-abelian simple group S with
ω(S) = 2 (cf. [Rob96, 6.4.6]). However, we prove the following solubil-
ity criterion for infinite FC-groups in terms of the number of automor-
phism orbits.
Theorem B. Let G be an infinite FC-group.
(a) If ω(G) 6 4, then G is nilpotent;
(b) If ω(G) 6 7, then G is soluble;
(c) If G is a non-soluble group with ω(G) = 8, then there exists an
infinite abelian group H with ω(H) = 2 such that G is isomor-
phic to A5×H.
Note that the group S3×H2 is an infinite non-nilpotent FC-group
with ω(S3×H2) = 5, where S3 is the symmetric group and H2 is an
infinite elementary abelian 2-group (see Example 3.6, below). Conse-
quently, the bound on the number of orbits in Theorem B (a) is sharp.
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It should be noted that ω(A5×Q) = 8, where A5 is the alternating
group and Q is the additive group of the field of rational numbers. In
particular, the bound obtained in Theorem B (b) cannot be improved
(see Example 3.6, below).
The famous Schur Theorem says that if G is central-by-finite, then
the order of the derived subgroup G′ is finite (cf. [Rob96, 10.1.4]).
In particular, G is a BFC-group. Later, Neumann proved that the
group G is a BFC-group if and only if the derived subgroup G′ is finite
(cf. [Rob96, 14.5.11]). It is well known that BFC-groups need not
be central-by-finite (cf. [Neu55]). By Theorem B, every infinite non-
soluble FC-group with at most eight automorphism orbits is central-
by-finite. We obtain the following related result.
Theorem C. Let G be an infinite non-soluble FC-group with at most
eleven automorphism orbits. Then G is central-by-finite.
The above theorem is no longer valid if the assumption of non-
solubility of G is dropped (see Example 5.1, below). Moreover, the
bound obtained in the above result cannot be improved (see Example
5.3, below).
2. Proof of Theorem A
Let G be a group and g an element in G. The automorphism orbit
of g in the group G is denoted by gAut(G) = {gα | α ∈ Aut(G)}. If K
is a subgroup of G, the notation K = ⊎ni=1g
Aut(G)
i means that
K =
n⋃
i=1
g
Aut(G)
i
and g
Aut(G)
i ∩ g
Aut(G)
j = ∅ if i 6= j.
Lemma 2.1. (Stroppel, [Str01, Lemma 3.1]) Let G be a nontrivial group
with finitely many automorphism orbits. Suppose that there exist non-
trivial characteristic subgroups M and N such that M ∩N = 1. Then
ω(G) > ω(M)ω(N) > 2 · ω(N).
Moreover, if G = M ×N , then ω(G) = ω(M) · ω(N).
Lemma 2.2. (Stroppel, [SS99, Lemma 1.1] ) If G is an abelian group
with finitely many automorphism orbits, then G = Tor(G)⊕D, where
D is a characteristic torsion free divisible subgroup of G. In particular,
D is the additive group of a vector space over Q.
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Schur [Rob96, 10.1.4] has shown that if G is a central-by-finite group
then the derived subgroup G′ is finite. In particular, G is a BFC-group.
It is well known that the converse of Schur’s Theorem does not hold
(see [Neu55]). However, Hall [Rob96, 14.5.3] has shown that if G is a
group whose the k-th term of the lower central series γk+1(G) is finite,
then Z2k(G). The next result is an immediate consequence of Hall’s
result in the context of infinite BFC-groups. We supply the proof for
the reader’s convenience.
Lemma 2.3. Let G be an infinite FC-group with finitely many auto-
morphism orbits. Then the center Z(G) is non-trivial.
Proof. By Theorem A, the derived subgroup G′ is finite. By Hall’s
theorem [Rob96, 14.5.3], the second center Z2(G) has finite index in G.
Since G is infinite, it follows that the center Z(G) is non-trivial. The
proof is complete. 
Lemma 2.4. Let G be an infinite FC-group with ω(G) = 2. Then
G is the additive group of a vector space, that is, either a torsion free
divisible abelian group or an elementary abelian p-group for some prime
p.
Proof. By Lemma 2.3, the center Z(G) is nontrivial. It follows that
G = Z(G). In particular, G is the additive group of a vector space over
some field F. The result follows. 
Lemma 2.5. Let G be an FC-group with finitely many automorphism
orbits. Then G is a BFC-group.
Proof. The size of the conjugacy class gG is constant on each orbit
under Aut(G). If ω(G) is finite then there is a finite bound for those
sizes. 
We are now in a position to prove Theorem A.
Proof of Theorem A. Assume that G is an FC-group with finitely many
automorphism orbits. We claim that G is a BFC-group and admits a
decomposition D × Tor(G), where D is a divisible characteristic sub-
group of Z(G).
By Lemma 2.5, G is a BFC-group. By Neumann’s result [Rob96,
14.5.11], the derived subgroup G′ is finite. It remains to prove the
decomposition G = Tor(G) × D. By Lemma 2.2, Z(G) = (Tor(G) ∩
Z(G)) ⊕ D, where D is a characteristic subgroup of Z(G). By Baer’s
result [Rob96, 14.5.6], G/Z(G) is a torsion group. Since ω(G) is finite,
we conclude that G/Z(G) has finite exponent. Set m = exp(G/Z(G)).
Since G is an FC-group, it follows that Tor(G) is a subgroup of G
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(cf. [Rob96, 14.5.9]). By Lemma 2.2, G/Tor(G) is a divisible group.
Let g ∈ G \ Tor(G). Hence there exists h ∈ G such that g = hmk,
where k ∈ Tor(G) and thus G = Tor(G) Z(G) = Tor(G)D. On the
other hand, G = Tor(G) ×D, because D is torsion free. The proof is
complete. 
Corollary 2.6. Let G be an infinite FC-group in which ω(G) is an
odd number. Then G has finite exponent.
Proof. According to Theorem A,G = Tor(G)×D, whereD is a divisible
characteristic subgroup ofG. Suppose thatD is non-trivial. By Lemma
2.2, ω(D) = 2. By Lemma 2.1,
ω(G) = ω(Tor(G))ω(D) = 2ω(Tor(G)),
a contradiction. The proof is complete. 
Corollary 2.7. Let G be a non-abelian FC-group with ω(G) ≤ 5.
Then G has finite exponent.
Proof. By Corollary 2.6, we can assume that G has exactly four auto-
morphism orbits. Suppose that G is not a torsion group. By Theorem
A, G = D × Tor(G), where D is a torsion free divisible group and so,
G is abelian. 
Example 2.8. Note that the group S3×Q is an infinite non-periodic
FC-group with ω(S3×Q) = 6 (Lemma 2.1). Thus, the bound on the
number of orbits in the above result cannot be improved.
3. Proof of Theorem B
Let H be a periodic group and S a subset of H . The spectrum of S,
denoted by spec(S), is defined to be the set of all orders of elements
in S. A crucial observation that we will use many times is that two
elements that lie in the same automorphism orbit have the same or-
der. In particular, it is clear that if G is a p-group with finitely many
automorphism orbits, then pω(G) > exp(G). The following result is a
key argument to obtain bounds for the exponent exp(G), when G is an
infinite non-abelian BFC-group.
Lemma 3.1. Let G be an infinite FC-group with finitely many auto-
morphism orbits. Assume that G is a non-abelian p-group. Then there
exists h ∈ G′ and g ∈ G \G′ such that |h| = |g|.
Proof. Since G is a p-group with finitely many automorphism orbits, we
conclude that the exponent exp(G) is finite. Suppose for contradiction
that spec(G′) ∩ spec(G \ G′) = ∅. Let ps = exp(G′) and let Ai =
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{g ∈ G | |g| = ps+i}. Since G is non-abelian, it follows that s > 1, so
spec(G′) = {1, p, . . . , ps}. It suffices to obtain an element g ∈ G \ G′
with |g| = p. If a1 ∈ A1, then the subgroup 〈a1, G
′〉 is finite [Rob96,
14.5.8]. Thus there exists a2 ∈ CG(a1) such that
a2 /∈ 〈a1, G
′〉.
Since 〈a2, a1, G
′〉 is finite, there exists a3 ∈ CG(a2) ∩ CG(a1) such that
a3 /∈ 〈a2, a1, G
′〉.
Repeating this process, we get a1, a2, a3, ..., an, ... ∈ G \ G
′ such that
ai ∈ CG(ai−1) ∩ ... ∩ CG(a1) and
ai /∈ 〈ai−1, ..., a1, G
′〉
for any i ∈ N. Thus C := 〈a1, a2, a3, ..., an, ...〉 is an infinite abelian
group.
Since G has finite exponent, it follows that C∩Ai is infinite for some
positive integer i. Set t = min{i ∈ N | C ∩Ai is infinite}. Then the set
{a ∈ C ∩At | a
p = b}
is infinite for some b with order ps+t−1. Choose
ai1 , ..., ai|b| ∈ {a ∈ C ∩At | a
p = b}.
Then
(ai1 ...ai|b|)
p = api1 ...a
p
i|b|
= b|b| = 1
and
ai1 ...ai|b| /∈ G
′,
a contradiction. Now, it remains to exclude the case when exp(G′) >
max{spec(G \ G′)}. In particular, there are an element x ∈ G′ and a
p-power t such that |xt| ∈ spec(G \ G′). Set h = xt. Consequently,
there exists an element g ∈ G \G′ such that |h| = |g|, which completes
the proof. 
We obtain a bound of the exponent of certain infinite non-abelian
FC-group in terms of the number of automorphism orbits (see Exam-
ples 5.1 and 5.2, below).
Corollary 3.2. Let G be an infinite non-abelian FC-group with finitely
many automorphism orbits. Suppose that G is a p-group. Then exp(G)
divides pω(G)−2.
Proof. Suppose that exp(G) ≥ pω(G)−1. Set g ∈ G such that |g| =
pω(G)−1. We can deduce that
(1) G = {1} ⊎ gAut(G) ⊎ (gp)Aut(G) ⊎ ... ⊎ (gp
ω(G)−2
)Aut(G).
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By Theorem A, the derived subgroup G′ is finite. By Lemma 3.1, there
exists an element h of G \ G′ such that |h| ∈ spec(G′). In particular,
we present two elements of the same order which are in different auto-
morphism orbits, contrary to (1). The result follows. 
Lemma 3.3. Let G be an infinite non-abelian FC-group. Assume that
G is a 2-group. Then ω(G) > 4.
Proof. If ω(G) = 2, then G is abelian (by Lemma 2.4). There is no
loss of generality in assuming that ω(G) = 3. By Corollary 3.2, exp(G)
divides 4. Since G is non-abelian, we conclude that G′ is non-trivial,
so there are elements h ∈ G′ and g ∈ G \G′ such that |h| = |g| = 2 (by
Lemma 3.1). As ω(G) = 3, we have exp(G) = 2, which is impossible.
The proof is complete. 
The bound on the number of orbits in the above result cannot be
improved (see Example 5.2, below).
Lemma 3.4. Let G be an infinite non-abelian FC-group.
(a) If ω(G) = 3, then G is nilpotent of class 2 and its exponent
exp(G) is p, for some odd prime p;
(b) If ω(G) = 4, then G is nilpotent of class 2 and the exponent
exp(G) divides p2, for some prime p.
Proof. (a). By Theorem A, G′ is finite. By Lemma 2.3, the center Z(G)
is nontrivial. Consequently, G′ = Z(G) and ω(Z(G)) = 2, so Z(G) is a
finite elementary abelian p-group, for some prime p. Since G is nilpo-
tent of class at most 2 and Z(G) has exponent p, it follows that G is
a p-group (cf. [Rob96, 5.2.22]). Combining Corollary 3.2 and Lemma
3.3 we deduce that the exponent exp(G) = p for some odd prime p.
(b). We first prove that G is nilpotent of class 2.
By Theorem A, G′ is finite. We have 1 < ω(G′) < 4. Suppose
that ω(G′) = 3. Since Z2(G) is an infinite subgroup, we deduce that
there is an element g ∈ Z2(G) \ G
′. Thus G = G′ Z2(G) because
that characteristic subset meets each orbit under Aut(G). Moreover,
if Z2(G) < G, then there exists h ∈ G
′ \ Z2(G). Hence (hg)
Aut(G) does
not belong to G′ and is not in Z2(G); which is impossible, because
ω(G) = 4. Thus Z2(G) = G if ω(G
′) = 3. Now we can assume
that ω(G′) = 2. Consequently, the derived subgroup G′ is a finite
elementary abelian p-group, for some prime p. If G′ ∩ Z(G) = {1},
then G = G′ Z(G) and G is abelian, a contradiction. So G′ ∩ Z(G)
meets the unique nontrivial orbit of Aut(G) in G′, and G′ 6 Z(G)
follows.
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Since 2 ≤ ω(Z(G)) ≤ 3, we conclude that Z(G) is a p-group. It fol-
lows that G is a p-group ([Rob96, 5.2.22]). By Corollary 3.2, exp(G) ≤
p2. 
The following lemma is a straightforward consequence of [BDG17,
2.1].
Lemma 3.5. Let G be a finite non-soluble group with ω(G) 6 6. Then
the center Z(G) is trivial.
We are now in a position to prove Theorem B.
Proof of Theorem B. (a) By Lemmas 2.4 and 3.4, G is nilpotent.
(b) Assume that G is an infinite FC-group with ω(G) 6 7. We claim
that G is soluble.
Assume that G is non-soluble. Then, G′ is also non-soluble. By
Theorem A, G′ is finite. By [LM86, Theorem 1], ω(G′) > 4. Since G′ is
a proper characteristic subgroup, we deduce that ω(G′) 6 6 under the
action of Aut(G) and so, G′ ∩ Z(G) = 1 (Lemma 3.5). By Lemma 2.3,
the center Z(G) is nontrivial. It follows that ω(G) > ω(G′ Z(G)) > 8
(Lemma 2.1), which contradicts ω(G) 6 7.
(c) Now assume that G is an infinite non-soluble FC-group with ω(G) =
8. Then G′ is not soluble, and Z(G) is not trivial (by Lemma 2.3).
Suppose that G′ ∩ Z(G) 6= 1. It follows that G/(G′ ∩ Z(G)) is a BFC-
group with ω(G/(G′ ∩ Z(G))) 6 7. We reach the contradiction that
G is soluble. So G′ ∩ Z(G) is trivial, and the characteristic subgroup
G′ Z(G) of G is a direct product G′×Z(G). Now ω(G′) > 4 (cf. [LM86,
Theorem 1]) yields 8 6 ω(G′ × Z(G)) = ω(G′) · ω(Z(G)) 6 ω(G) (by
Lemma 2.1). Thus ω(G) = 8 enforces G = G′×Z(G) and ω(Z(G)) = 2.
Then ω(G′) = 4 gives G′ ∼= A5 (cf. [LM86, Theorem 1]), completing
the proof. 
Example 3.6. In a certain sense the above result cannot be improved.
(i) The infinite FC-group S3×H2, where H2 is an infinite elementary
abelian 2-group, has five orbits under the action of Aut(G). For each
h ∈ H2, there exists a homomorphism ϕh from S3 to H2 mapping (12)
to h. Putting αh(sv) := s(vϕh(s)) for s ∈ S3 and v ∈ H2 defines an au-
tomorphism of S3×H2 mapping (12) to (12)h. Therefore the elements
(1 2), (1 2 3), h, (1 2 3)h are the representatives of nontrivial orbits of G.
(ii) The infinite non-soluble FC-group A5×Q has exactly eight auto-
morphism orbits (by Lemma 2.1).
AUTOMORPHISM ORBITS 9
In [Str02] Stroppel proposed the following problem (Problem 2.5):
classify all the finite non-solvable groups G with ω(G) ≤ 6. We an-
swered Stroppel’s question by the following result:
Theorem 3.7. ([BDG17, Theorem 1]) Let G be a finite non-soluble
group with ω(G) 6 6. Then G is isomorphic to one of PSL(2,F4),
PSL(2,F7), PSL(2,F9), PSL(3,F4), ASL(2,F4).
Now, we extend Theorem 3.7 to the class of infinite FC-groups.
Corollary 3.8. Let G be a non-soluble FC-group with ω(G) 6 6.
Then G is finite. Moreover, G is isomorphic to one of PSL(2,F4),
PSL(2,F7), PSL(2,F9), PSL(3,F4), ASL(2,F4).
Proof. By Theorem B, all infinite FC-group with at most six automor-
phism orbits are soluble. Since G is non-soluble, it follows that G is
finite. Consequently, G is isomorphic to one of the groups indicated in
Theorem 3.7. The proof is complete. 
4. Proof of Theorem C
Recall that a finite group K is said to be quasisimple if K = K ′ and
K/Z(K) is simple.
Theorem C. Let G be an infinite non-soluble FC-group with at most
eleven automorphism orbits. Then G is central-by-finite.
Proof. Since G is non-soluble, it follows that the derived subgroup G′
is non-soluble. By Theorem A, the derived subgroup G′ is finite. Thus
ω(G′) > 4 (cf. [LM86, Theorem 1]).
Consider ω(G′) ∈ {4, 5, 6}. It follows that G′ ∩ Z2(G) = 1 (Theorem
3.7). By Hall’s result [Rob96, 14.5.3], the second center has finite index
in G. If G is not central-by-finite, then Z(G) is a proper subgroup of
Z2(G) and ω(Z2(G)) ≥ 3. Hence,
ω(G) ≥ ω(G′)ω(Z2(G)) ≥ 12,
a contradiction.
Assume that ω(G′) ∈ {7, 8, 9, 10}. Set N = G′ ∩ Z2(G). Since
the derived subgroup G′ is non-soluble, it follows that ω(G′/N) ≥ 4.
Consider representatives g1N , g2N and g3N for three different non-
trivial orbits under Aut(G) in G′/N . Since [G : Z2(G)] is finite, we can
choose z ∈ Z2(G)\G
′. If zgi ∈ (zgj)
Aut(G) for some 1 ≤ i 6= j ≤ 3, then
there exists α ∈ Aut(G) such that
zgi = z
αgαj ,
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that is,
gig
−α
j = z
−1zα ∈ N.
So giN ∈ (gjN)
Aut(G), contradicting the choice of representatives. Thus
we can conclude that the number of nontrivial orbits of Aut(G) on
G′/N is bonded by 4− 1 = 3, because ω(G′) + |{z, zg1, zg2, zg3}| = 11.
It remains to exclude the case when ω(G) = 11, G′/N ∼= A5, the
derived subgroup G′ has seven orbits under the action of Aut(G), and
Z2(G) \ G
′ is just an orbit. If Z(G) \ G′ is a non-empty set, then
G = G′ Z(G) and G is central-by-finite. Thus Z(G) is a subgroup
of G′ and N = Z(G) = Z(G′). Since |G′/N | = 60, we can deduce
that ω(Z(G)) = 2 under the action of Aut(G), so Z(G) is a finite
elementary abelian p-group for some prime p. Since the second center
Z2(G) is infinite and Z2(G) \ Z(G) contains just an orbit under the
action of Aut(G), it follows that ω(Z2(G)) = 3 is a p-group for some odd
prime p (by Lemma 3.4). Note that G′ = [G′, G′] and G′/Z(G′) = A5,
then G′ is a quasisimple group. Hence the center Z(G) = Z(G′) is
isomorphic to a subgroup of the Schur Multiplier M(A5) = C2 (cf.
[Kar87, Proposition 2.1.7 and Theorem 2.12.5]), which is impossible.
The proof is complete. 
Summarizing, we have the following classification of infinite non-
soluble FC-groups with at most eleven automorphism orbits.
Corollary 4.1. Let G be an infinite non-soluble FC-group with ω(G) 6
11. Then G is isomorphic to one of the groups in the set
{PSL(2,Fq)× Z(G), SL(2,F5)×H2 | q ∈ {4, 7, 8, 9}},
where ω(Z(G)) = 2 and H2 is an infinite elementary abelian 2-group.
Proof. Since the derived subgroup G′ is non-soluble, it follows that
ω(G′) ∈ {4, 5, 6, 7, 8, 9, 10} (under action of Aut(G)).
Assume that ω(G′) ∈ {4, 5, 6}. Arguing as in the proof of Theorem
B (c), we deduce that G is isomorphic to one of the following groups:
PSL(2,Fq)× Z(G),
where q ∈ {4, 7, 8, 9} and ω(Z(G)) = 2.
Now assume that ω(G′) ∈ {7, 8, 9, 10}. Arguing as in the proof of
Theorem C, we can conclude that the Schur multiplier M(A5) = C2
and |Z(G)| 6 2. In particular, G′ is isomorphic to one of SL(2,F5) or
A5, so G ∼= SL(2,F5) Z(G). In particular, G ∼= SL(2,F5) × H2, where
H2 is an infinite elementary abelian 2-group. The result follows. 
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5. Neumann’s groups
Groups with three automorphism orbits are called almost homoge-
neous groups. In [MS97], Ma¨urer and Stroppel prove that the nilpotent
almost homogeneous groups with exponent p are generalized Heisen-
berg group (see also Example 5.1, below). In the same article, Ma¨urer
and Stroppel show that a soluble almost homogeneous group with non-
trivial center is nilpotent of class 2. By Lemma 3.4, all non-abelian
infinite FC-groups G with three automorphism orbits are nilpotent
and exp(G) = p for some odd prime p. We present some examples
of infinite FC-groups now, we determine the number of orbits under
their respective automorphism orbits. The following construction of
BFC-groups is due to Neumann [Neu55].
Example 5.1. (Almost homogeneous p-groups) Let p a prime and N(p)
be the group generated by
ai, bi, i = 1, 2, ..., n, ...
with the relations
[ai, bj] = [ai, aj] = 1, i 6= j,
[ai, bi] = c, c
p = [ai, c] = [bi, c] = 1.
If p is odd, then N(p) is isomorphic to the generalized Heisenberg
group GH(V,Fp, β), where V is a vector space of countably infinite
dimension over the field Fp with p elements (see [MS97, page 235] for
more details). Moreover, ω(GH(V,Fp, β)) = 3. Its center and derived
subgroups are 〈c〉, thus it is nilpotent of class 2 and each nontrivial
normal subgroup of N(p) contains the subgroup 〈c〉. Hence {N(p) |
p odd prime} is an infinite family of almost homogeneous BFC-group
which are not central-by-finite.
It is well known that every group of exponent 2 is abelian. By Lemma
3.3, an infinite non-abelian 2-group and BFC-group has at least four
automorphism orbits. We obtain the following related result.
Example 5.2. The BFC-group N(2) has exactly four automorphism
orbits.
Proof. It is clear that N(2) is hopfian and every surjective endomor-
phism is an automorphism.
Let I and J be subsets of the set of positive integers, with |I| = |J |,
and σ : I → J a bijection. We collect some facts:
i) The homomorphism αI : N(2)→ N(2) that extends the map
ai 7→ bi, bi 7→ ai
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if i ∈ I and
ai 7→ ai, bi 7→ bi
if i ∈ N \ I, is an automorphism.
ii) The homomorphism βIJ : N(2)→ N(2) that extends the map
ai 7→ aiσ , bi 7→ biσ , aiσ 7→ ai, biσ 7→ bi
if i ∈ I and
ai 7→ ai, bi 7→ bi
if i ∈ N \ I, is an automorphism.
iii) Any element g ∈ N(2) can be written in the form
g = (ai1bi1 ...ailbil)(aj1...ajk)(bt1 ...btm)c
δ,
where δ = 0, 1 and the set {i1, ..., il, j1, ..., jk, t1, ..., tm} has l + k +m
elements. If l is even then g has order 2 and if l is odd then g have
order 4.
Given g of order 2, consider I1 = {i1, ..., il}, I2 = {j1, ..., jk}, I3 =
{t1, ..., tm}, J1 = {1, ..., l}, J2 = {l+1, ..., l+ k}, J2 = {l+ k+1, ..., l+
k + m}, and σ1 : I1 → J1, σ2 : I2 → J2, σ3 : I3 → J3 the canonical
bijection maps from Ir to Jr, with r = 1, 2, 3. Hence
h = gαI3βI1J1βI2J2βI3J3 = (a1b1...albl)(al+1...al+k)(al+k+1...al+k+m)c
δ =
= (a1b1...albl)al+1...asc
δ
with s = l + k +m. Now, define the sequences
x1 = a1b1...albl, x2 = b1a2, ..., xl = b1al, xl+1 = al+1, ...,
y1 = b1, y2 = b1b2, ..., yl = b1bl, yl+1 = bl+1, ...
and
u1 = a1, ..., ul = al, ul+1 = al+1...asc
δ, ul+2 = al+2, ...,
v1 = b1, ..., vl = bl, vl+1 = bl+1, vl+2 = bl+1bl+2...,
vs = bl+1bs, vs+1 = bs+1, ....
Note that {xi, yi; i = 1, 2, 3, ...} and {ui, vi; i = 1, 2, 3, ...} are generating
sets of G and satisfy its relations. It follows that the homomorphisms
α : N(2) → N(2) and β : N(2) → N(2) that extend, respectively, the
maps
xi 7→ ai, yi 7→ bi
and
ui 7→ ai, vi 7→ bi
are automorphisms. Therefore
hαβ = a1al+1.
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Since there exists γ ∈ Aut(N(2)) such that (a1al+1)
γ = a1, we conclude
that g and a1 are in the same orbit.
If l is odd, there exists an automorphism µ ∈ Aut(N(2)) such that
[(a2b2...albl)al+1...asc
δ]µ = a2
and aµ1 = a1, b
µ
1 = b1, that is,
hµ = a1b1a2 = (a1a2)b1.
Note that there exists η ∈ Aut(N(2)) such that (a1a2)
η = a1, b
η
1 = b1.
Thus hµη = a1b1 and g and a1b1 are in the same orbit. Therefore,
N(2) = {1} ⊎ {c} ⊎ a
Aut(N(2))
1 ⊎ (a1b1)
Aut(N(2)).

Example 5.3. Let p be an odd prime. Then N(p) × A5 is an infinite
non-soluble BFC-group with ω(N(p)×A5) = 12 (by Lemma 2.1). This
group is not central-by-finite, so the bound on the number of orbits in
Theorem C is a sharp one.
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